


enda
·Definition of pointprocesses in Red

· How todescribe/characterize thedistribution of a PP

· Poisson processes (Defn & Simulation)
· Stochastic GeometryModels built from

Cloisson prousses.
/

↳"Noton
point prese

Def Asubset4 Rd is ladyfinite iffor
all

bounded BeCB:=B(Rd), 4(B) =
=#(ynB) is finite.

N = =5 4
=Rd:c is locally finite3

X. =8-algebra generated by subsets of
the form:

34EN:4(B) =k5 for bounded BEB
and

k =N 503.

Def Apimoprocess of is a random
variable

-

taking values in (N,
N)

Ex1:
Lt neN and X,,.., Xu be id random

rectors

-
in Rd withprobabilitydensity f.

↑

E =EX;3, is aBipointprocess.

-> E(B) - Binomial (n,
Sif(x)dx)

In general, we can writeany pointprocess
onRd as

*=5Xi3, for random vectors
X: EIR and

a random variable NGN
U903.



ityMeasure l
Def the inetymeasure of a point crocess I on Rd is-

themeasure Non DRd,B) defined by:
(B) = =E(B] for BeB.

= Expected number of pointsofI in
B

Ate: Even though I is locally finite almostsurely,

for bounded BEB, P(E(B) < x] =1 x E[E(B)] <D
wewill later assume NB)<*K bounded BEB.

Def If a has a density isw.r.t. Lebesque measure.
(i.e. N(B) =SBNx)dx), then we say I has

tyfunction xC.L.

Ref If I has a constant density xL0 w.r.t. rbesque
measure (i.e. N(B)

=xvol(BL), thenI is genous
withinityX.

Excercise:Whatis the intensitymeasure of
the

n Binomial pointprocess in example
1?

Def The finite dimensional (fidi) distributions
ofa point process

*arethe distributionsofthe randomnessare
Prop? LetI and Ibe pointprocesses. If for all

new

and pairwise disjont B...., Bn GB,
((B,), ..., E(Bn))

= (B), ..,'Br,
then I E? That is, fididistributions characterize

thedistribution of a pointprocess.



↳onProcesses
leta be a locally finitemeasure on Rd, i.e.
(B) < 0 for all bounded BEB.

Bef Apointprocess I on Rd is a Poisson process
withintensitymeasure a if:

(i) For all Bes.t. NB)<D, EBL-Poisson (NBL)

(ii)For all meand cairwise disjoint B, ..,Brt,I

&(B.) . . . .

,
(B) are independent.

That is,

↑(1B.)=K., ...,ElBu) =ku)
= Bi-Bi

↑

EX2: Let NePoisson (2) for0. LetX., ...,Xo
be sid

random vectors in Rd withprobabilitydensityf.
Then, I

=9X,3* is a poisson process
with

intensity functionf

Exercise:Prove theclaim in example 2 Hirtipe)me
I

imulation
S
LetE = d be such thatMLE) CD.

↑

To simulatethe pointsof a pointprocess
with

intensity measure Non E:

① Sample NePoisson (nCEL)
② Conditioned on N=n, sample X....,

Xa iid

from distribution (E)
M(E)



· If Iis homogenous with intensity RCO

&(E) =NVORIE), a.E) - Uniform (E)
-E

· If Ihas intensityfunction inwith
x(x) =x* FxcE:

① Sample a homogenous Poisson process
I*

withintensity inon E.

② Letp(x) =. Conditioned on E*=Ex:3?
for each, independently delete X:

with probabilityp(xi).

&In general, an independentthinning as above

of any Poisson process is again a
Poisson process

(see exercise on lastpage)

GeometryModelsBuiltfrom Poisson Processes

Iea:Use transformations
thatpreserve "Poisson-ness"

C
Parking:Let (M.M) be a

CSMS complete, separable,mediac
called themanace

& =Gxi3, a Poisson process on Red w/ intensitymeasure
&

EY,3*, a collection of random elements of (M,M)
withdistribution * independent of

#

=E(Xi,Yi)3Y, is a Poisson prouss on 14xM
W

withintensity measure a(dxxdy) =Ndx)RIdy)



② Mapping:Let(E,E)
be a CSMS.

Let T:(RRd, B)
- CE,E) be a measurable

mapping.
E =EXi3.*, a Poisson process on

Red w/ intensity
measure a

im =T(E) =ST(Xi)3is a Poisson process
--

on E withintensitymeasure T(N)
=Nol

#:stationary and isotropic
Poisson hyperplane process.

homogenous
M

LetE =StiBE, be a Poisson process onR withintensity
&

LetSu,3?, be a collection of ind
random vectors

uniformly distributed on
theunit sphere St

independentof I

=>=Elti,ni)3?, is a Poisson process on
Rxd-

withintensitymeasure
Adtxda) =xdt(du)

uniform measure

consider the measurable mapping
T:(t,u) + H(n,t):

=[x+ Rd:(x,u) =t3.

Then, T(E) =[H(n:, tilBE, is a Poisson process

in the space ID of hyperplanes
in Red withintensity

measure X(.) =inSS, 72H(n,t) -.3d6(a)



·Id is equipped withthe hit-miss topology.
·For compact sets ( in Red, sets of theform:

[C]: =GHEd:HrCF03
are compact sets of id

⑧ :=T() =EHIn;, ti)?E, is a Poisson

process on id with intensitymeasure
=>

-([C]) =number of hyperplanes in
o

thathave non-emptyintersection
withC

~ Poisson (n([c])).
· (2)) =x S Sga-12H(nit) rc =4doluldt

eX: If C is B(OR) a ball of

- radius R> 0 centered at0,

#EalSi 791t1 =R3dt2RM



↳DissonPointprocesses

-pousses:
Poisson processes witha random

intensitymeasure

ex:Let= EX3E, be a Poisson prousson
Rd

-

Define therandom intensityfunction

Mix) =
=2 <p(X-X:), XtRd
Xit

where p is a probabilitydensity
on Red.

letI be thepointprocess such
that

conditioned on i, Ex is a Poisson process

withintensityfunction is. Then, Ex
is called a

peaclusterprocess.

- #.x. If p(x)& 7211x11 =R3 ,/

-

...
~

↑

Ex the Ex is called a
- :.

L ix : Matern cluster process
......."X: -

·Cox processes are
"attractive"

· "Repulsive"pointprocesses
~ Some Gibb pointprocesses (of
a
sample

-> Determinantal pointprocess
sexactsampling algorithm)


